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Analytical Solutions to Chemical Master 
Equations 



Gene expression: Production of proteins from 
genes through transcription and translation



Inside cells gene-expression is a stochastic process 

Suter et al. Science 2011, Taniguchi et al. Science 2010, Elowitz et al. Science 2002, Raser et al. Science 2005, Raj et 
al. Cell 2009,  Blake et al. Nature 2003, Bar-Even et al. Nature Genetics 2006

 Timing of biochemical reactions is inherently stochastic

 Low-copy numbers of genes/mRNAs/proteins inside cells
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MDN1 gene allele 2

Hocine et al Nature Methods  2012
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Supplementary,Figure,9.,Cells,exhibit,different,expression,profiles,over,time

Transcript%counts%for%two%cells%(MDN1%24PP7%in%green%and%MDN1%24MS2%in%red)%over%80%minutes.%%(a)%Cell%in%
which%both%alleles%fluctuate%around%the%mean.%%(b)%Cell%in%which%one%allele%(MDN1%24PP7%in%green)%exhibits%
persistently%high%expression%while%the%other%allele%(MDN1%24MS2%in%red)%exhibits%persistently%low%expression.

Nature Methods: doi: 10.1038/nmeth.2305

MDN1 gene allele 1

Single-cell measurements reveal randomness in 
mRNA copy numbers

120 | VOL.10 NO.2 | FEBRUARY 2013 | NATURE METHODS

BRIEF COMMUNICATIONS

The majority of time points analyzed (77%) revealed changes in 
steady-state levels over time that ranged from −3 to +3 mRNAs, 
consistent with previous characterizations of MDN1 (ref. 6). 
Notably, expression of each allele appeared to be largely independ-
ent over time (Fig. 1e), with a Pearson’s correlation coefficient of 
0.1498. In vivo results support the notion that transcript number, 
even for identical alleles, is stochastic and intrinsically noisy13, 
and they demonstrate the utility of this approach for studying 
the coordination of gene expression with single-molecule resolu-
tion in living cells. This approach also provides insights into the 
different expression profiles that cells can maintain over time 
(Supplementary Fig. 9 and Supplementary Results).

Although the LN system (based on the interaction between 
protein N of the bacteriophage lambda and boxB RNA) has been 
used in parallel with MS2 to study the transport of two yeast 
mRNAs15, the inability to resolve single molecules precluded 
the types of analyses described here. Overall, the ability to count 
mRNAs in vivo provides a quantitative tool for measuring many 
aspects of mRNA metabolism over time. For example, assess-
ment of the role of randomness in cellular processes is important 
for understanding how cells maintain homeostasis. Previously 
described in vivo two-color systems have been used to study noise 
in gene expression16,17, but at the level of proteins, representing 
the combined contributions of transcription and translation. We 
show that mRNAs transcribed from different alleles of the same 
gene exhibited uncorrelated fluctuations in expression over time. 
One possible explanation for this is described by the transcription  
factor binding model10, in which the assembly of the pre-initiation 
complex cannot be predicted because it depends on the binding 
of a diffusible factor present at low abundance. Hence, despite the 
fact that both alleles are indistinguishable in their environment 

and regulatory mechanism, their transcription initiation is 
no more correlated than any other two genes. This two-color 
approach can be extended to further study the coordination of 
many gene expression regulatory networks.

Engineering both tags in different regions of the same gene 
allows other aspects of gene expression to be investigated, such as 
polymerase dynamics at single genes or conformational changes 
within mRNA molecules as they are transported. To demonstrate 
this, we engineered a two-color intramolecular system to investi-
gate pol II dynamics by inserting 24PP7 into the 5` UTR of MDN1 
and 24MS2 into the 3` UTR (Fig. 2a). Dual tagging of MDN1 was 
confirmed by FISH (Supplementary Fig. 10), and this gene was 
placed under the control of a GAL promoter so that expression was 
inducible and the generation of 5` and 3` signals could be followed 
over time. Upon induction, pol II complexes initiate transcription, 
and the time measured between the appearance of 5` signal and 3` 
signal provides a direct measurement of pol II elongation rates.
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Figure 1 | Expression of MDN1 alleles fluctuate independently over time. 
(a) A diploid strain carries one PP7-tagged MDN1 allele and one MS2-
tagged MDN1 allele. Coexpression of PCP-2yEGFP and MCP-mCherry results 
in allele-specific labeling of mRNA. (b,c) Transcription of the indicated 
allele produces green or magenta fluorescent spots. (d) Overlay of mRNA 
fluorescence for both alleles. (e) MDN1 mRNAs are counted in single cells 
every 20 min. Fluctuations were determined as the change in steady-
state levels for a given allele between time points, and a heat map was 
generated to represent these fluctuations. Peripheral histograms represent 
the distribution of fluctuations for each allele. Pearson’s correlation 
coefficient (r) is generated from the data set (P = 0.0473, n = 210 time 
points in 33 cells). Scale bars, 3 Mm.
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Figure 2 | Two-color transcriptional induction as a readout for polymerase 
dynamics. (a) Schematic depicting the intramolecular tagging of MDN1 
placed under the control of a GAL-inducible promoter. (b,c) Appearance of 
5` (magenta) and 3` (green) transcription site signals at indicated times 
after induction. Arrowheads denote transcription sites, and final frames 
show an overlay of both signals. (d) Histogram of the time delay between  
5` and 3` signals, representing variability in pol II elongation rates  
(n = 42 cells). Scale bars, 3 Mm.



Stochastic expression creates non-genetic 
heterogeneity in protein levels

Brock et al Nature Reviews Genetics 2009



Functional roles of expression noise

 Stochastic gene expression drives cell fate decisions
Chang et al. Nature 2008, Losick et al. Science 2008, Maamar et al. Science 2007

 Expression noise implicated in E. Coli. antibiotic resistance and 
mutation-independent selection of tumors

 Increased expression noise associated with diseased states
Raj et al. Cell 2009 , Fraser et al. Plops Biology 2004 

Brock et al. Nature Genetics 2009, Balaban et al. Science 2004



Expression noise drives antibiotic resistance

Brock et al. Nature Genetics 2009



Fundamental questions in noise biology

Biological consequences of noise in gene-expression?

Tools for modeling stochastic fluctuations in protein levels?

Regulatory mechanisms for buffering stochastic fluctuations?

Can fluctuations reveal information about underlying circuits?



Outline
 Background on stochastic modeling

 Solving CME using generating functions

 Inferring gene expression parameters from single-cell data

 Effect of transport delays on protein noise levels

 Cell-fate regulation in HIV 



Genetic circuits as a set of chemical reactions

M chemical reactions 

N chemical species X1,….., XN 

# of molecules x1,….., xN



Stochastic formulation of biochemical reactions

Chemical reaction
Probability reactions

 occurs  in (t,t+dt]
Change in population count of 

chemical species

Goal is to obtain the probability distribution of x(t)

Population count of chemical species

McQuarrie J. Applied Prob. 1967 



Stochastic model for gene expression

IEEE TRANSACTIONS ON NANOBIOSCIENCE 2

TABLE 1
Frequency of different expression/degradation events and the corresponding reset maps.

Event Reset in population count Prob. event occurs
in (t, t +dt]

Transcription m(t)! m(t)+1 kmdt

mRNA degradation m(t)! m(t)�1 gmm(t)dt

Translation p(t)! p(t)+1 kpm(t)dt

Protein degradation p(t)! p(t)�1 gp p(t)dt

mediated transcriptional regulation where the transcription
rate is a decreasing function of the protein count. Similarly,
feedback architecture IV corresponds to a scenario where
the protein translation rate per mRNA is a decreasing
function of the mRNA count.

We derive analytical expressions for the protein noise
levels for each of these different feedback architectures.
Using these expressions we determine which feedback
provides the best noise suppression, and how does its
performance depend on gene-expression parameters such
as mRNA and protein half-life. It is important to point out
that comparisons between different feedback architectures
are done keeping the mean protein and mRNA count
fixed. Furthermore, we assume that different feedbacks
also have the same feedback strength, which is measured
by the sensitivity of the transcription/translation rate to
the mRNA/protein count. Such a form of comparison is
also referred to in literature as a mathematically controlled
comparison [33].

The paper is organized as follows: In Section 2 we
quantify the extent of stochasticity in protein levels in a
gene-expression model with no negative feedback. Protein
noise levels for feedback architectures I� IV are computed
in Section 3. In Section 4 we compare the noise suppression
abilities of the different feedback architectures. Finally, a
discussion of our results is provided in Section 5.

2 GENE EXPRESSION MODEL WITH NO REG-
ULATION
We consider a gene-expression model where transcriptional
events take place at rate km with each event creating a burst
of B mRNA molecules, where B is an arbitrary discrete
random variable with probability distribution

Probability{B = z}= az, z = {1,2,3, . . .}. (1)

Typically B= 1 with probability one. However, many genes
encode promoters that allow for transcriptional bursting
where B > 1 and many mRNAs can be made per tran-
scriptional event [34], [35], [36]. Protein molecules are
translated from each single mRNA at rate kp. We assume
that mRNAs and proteins degrade at constant rates gm and
gp, respectively. In the stochastic formulation of this model,
transcription, translation and degradation are probabilistic
events that occur at exponentially distributed time intervals.
Moreover, whenever a particular event occurs, the mRNA

and protein population count is reset accordingly. Let m(t)
and p(t) denote the number of molecules of the mRNA and
protein at time t, respectively. Then, the reset in m(t) and
p(t) for different gene-expression and degradation events
is shown in the second column of Table 1. The frequency
with which different events occur is determined by the
third column of Table 1, which lists the probability that
a particular event will occur in the next infinitesimal time
interval (t, t +dt].

To quantify noise in protein levels we first write the
differential equations that describe the time evolution of
the different statistical moments of the mRNA and protein
count. The moment dynamics can be obtained using the
following result: For the above gene-expression model, the
time-derivative of the expected value of any differentiable
function j(m, p) is given by equation (2) [37], [38]. Here,
and in the sequel we use the symbol h.i to denote the
expected value. Using (2) with appropriate choices for
j(m, p) we obtain the following moment dynamics:

dhmi
dt

= kmhBi� gmhmi, dhpi
dt

= kphmi� gphpi (3a)

dhm2i
dt

= kmhB2i+ gmhmi+2kmhBihmi�2gmhm2i (3b)

dhp2i
dt

= kphmi+ gphpi+2kphmpi�2gphp2i (3c)

dhmpi
dt

= kphm2i+ kmhBihpi� gphmpi� gmhmpi. (3d)

As done in many studies we quantify noise in protein levels
through the coefficient of variation squared defined as

CV 2 = s̄2/ ¯hpi2
, (4)

where s̄2 is the steady-state variance in protein levels
and ¯hpi denotes the steady-state mean protein count [39],
[40]. Quantifying the steady-state moments from (3) and
substituting in (4) we obtain

CV 2 =
(hB2i+ hBi)gp

2hBi(gp + gm) ¯hmi
+

1
¯hpi

(5)

where

¯hmi= hBikm

gm
, ¯hpi=

¯hmikp

gp
(6)

denote the steady-state mean mRNA and protein count,
respectively. The first term on the right-hand-side of (5)

mRNA

Protein

Gene

km

kp p(t): Protein count at time t

m(t): mRNA count at time t
γm

γp

Æ

Æ



Chemical Master Equation (CME)

Pi, j (t) :  Probability(m(t) = i, p(t) = j)

mRNA

Protein

Gene

km

kp
γm

p(t): Protein count at time t

m(t): mRNA count at time t

γp

Æ

Æ



 Analytical solutions available in some cases

State of art in solving CME

 Moment Closure Techniques for predicting statistical moments
Singh & Hespanha IEEE Trans. Automatic Control 2011

 Finite-state projection algorithm Munsky & Khammash. J. Chemical Physics 2006

 Various Monte Carlo Simulation Techniques 
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Probability distribution function of birth process
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Probability distribution function of birth-death 
process
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Probability distribution function of bursty birth-
death process
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 Solving CME using generating functions
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 Effect of transport delays on protein noise levels
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Chemical Master Equation (CME)

Pi, j (t) :  Probability(m(t) = i, p(t) = j)
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p(t): Protein count at time t

m(t): mRNA count at time t
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Linear first-order PDE on the generating function

G(y, z, t) = yiz jPi, j (t)
j=0

∞

∑
i=0

∞

∑

Exact solution for generating function

Solution CME for stochastic gene expression

Bokes et al. J. Math Biology 2011



G(z) = exp θ((1+ξ −ξz)−η −1)"# $%    

η =
γ p
γm

   ξ=
kp
γm

1
(1+η)2    θ= km

γ p

(1+η)2

η

Solution CME for stochastic gene expression



Parameter inference from protein distribution

can be inferred from experiment distribution

G(z) = exp θ((1+ξ −ξz)−η −1)"# $%    

η =
γ p
γm

   ξ=
kp
γm

1
(1+η)2    θ= km

γ p

(1+η)2

η

γm
γ p

,   
kp
γ p

 & km
γ p



Parameter inference from protein distribution

km (Transcription rate); kp (Translation rate); γm (mRNA degradation)

All rates normalized by protein degradation rate

Taniguchi et al. Science 2010; Newman et al. Nature 2006; Bar-Even et al. Nature Genetics 2006

Solving the “log” for a summation is not trivial so we can’t find an analytically formula for the 
parameters, but the answer of maximum likelihood is parameters thatbased on them anextremum
occurs in our function L. If we calculate the L with enough data and try to find its extremum the 
answer is the same as maximum likelihood.

The results for different parameters are as follows

Parameters Real value 1000 data 2000 data
�� 10 9.2 9.4
�� 5 4.4 4.9
�� 100 82 87

Our maximum error in estimating parameters for 2000 data is 13 percent. For the next set of 
data, the results are as follows:

Parameters Real value 1000 data 2000 data
�� 1 1.4 1.2
�� 0.3 0.57 0.43
�� 100 127 115

Our maximum estimation is 30 percent which is our worst result in the all simulations. The 
following table shows the result for our last set of data.

Parameters Real value 1000 data 2000 data
�� 2 1.72 1.88
�� 1 0.8 0.92
�� 100 91 97

The maximum error is 8 percent. It seems as the amount of �� and �� goes higher our algorithm 
has better ability to estimate them.
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answer is the same as maximum likelihood.

The results for different parameters are as follows

Parameters Real value 1000 data 2000 data
�� 10 9.2 9.4
�� 5 4.4 4.9
�� 100 82 87

Our maximum error in estimating parameters for 2000 data is 13 percent. For the next set of 
data, the results are as follows:

Parameters Real value 1000 data 2000 data
�� 1 1.4 1.2
�� 0.3 0.57 0.43
�� 100 127 115

Our maximum estimation is 30 percent which is our worst result in the all simulations. The 
following table shows the result for our last set of data.

Parameters Real value 1000 data 2000 data
�� 2 1.72 1.88
�� 1 0.8 0.92
�� 100 91 97

The maximum error is 8 percent. It seems as the amount of �� and �� goes higher our algorithm 
has better ability to estimate them.
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Chemical Master Equation (CME)

Gene→
km
Gene+B×Mn P(B = z) =αz

Mn→
γe
Mc Mc→

γc
∅



Transforming the CME into a PDE

Factorial-cumulant generating function

Can be solved using the method of characteristics  

Singh & Bokes. Biophysical Journal 2012



Transport delay reduces fluctuations in 
cytoplasmic mRNA levels
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Outline
 Background on stochastic modeling

 Solving CME using generating functions

 Inferring gene expression parameters from single-cell data

 Effect of transport delays on protein noise levels

 Cell-fate regulation in HIV 



HIV cell fate decision between 
active replication and latency

HIV Infection

Lysis

Latent



How does HIV’s genetic circuit 
drive cell-fate decision?



Outline
 Stochastic Tat expression drives HIV into latency

 Makes makes Tat expression stochastic?

 Stochastic modeling of the Tat-feedback circuit

 Therapies for purging the latent reservoir



Stochastic expression coupled with positive 
feedback circuitry can drive HIV latency 

GFP Tat HIV LTRHIV LTR

Infected Jurkat T with virus Single-cell sorting Expand into clonal 
populations 

Tat level/cell

Latency Lysis

Chavez et al. PLOS Pathogens 2015
Razooky et al. Cell 2015

Weinberger et al. Cell 2005 
Weinberger et al. Nature Genetics 2008

Pearson et al. J. Virology 2008
Jordan et al. EMBO 2003



Monitoring stochastic expression from the 
HIV promoter

HIV-1 LTR GFP HIV-1 LTR

Infect Jurkat T cells with virus

Single-cell sorting

Expand into isoclonal populations 



HIV encodes a promoter with high noise
 in gene-expression

GFP Fluorescence (a.u.)
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Expression noise

CV = Std.Dev/Mean = 60%

HIV-1 LTR GFP HIV-1 LTR

 Clonal cell population

 Identical integration site
 Same shape and size

 Single promoter copy



HIV gene expression noise is intrinsic

HIV-1 LTR GFP HIV-1 LTR HIV-1 LTR CFP HIV-1 LTR



Transcriptional bursting at the HIV LTR creates 
gene-expression variability

mRNA

km

kONkOFF

Æ

Transcriptional burst size=km/koff

Transcriptional burst frequency=kon

Promoter ON

Promoter OFF

Singh et al. Biophysical Journal 2010
Singh et al. Nature MSB 2012

Dar et al PNAS 2012



Site of integration in the human genome modulates 
burst frequency and size

Proceeding of National Academy of Science 2012

mRNA

km

kONkOFF

Transcriptional burst size=km/koff

Transcriptional burst frequency=kon



Tat

HIV Genome

kp γm

γp

f(x)

m(t): mRNA count at time t
x(t): Tat protein count at time t

HIV Promoter

Deterministic model of Tat feedback circuit

dm
dt

= f (x)−γmm

dx
dt
= k pm−γ px

km :  Maximum transcription rate (High Tat)
kmb : Basal transcription rate (No Tat)
c : Positive feedback strength
H : Hill Coefficient

f (x) = km
b+ (cx)H

1+ (cx)H

  
kp
γm

f (x) = γ px



High Hill coefficient is necessary for bistability

H>1 (Bi-stability) H=1 (Mono-stability)



Tat positive feedback circuit lacks bistability

Weinberger et al. PLos Biology 2007



Tat

HIV Genome

kp γm

γp

f(x)

m(t): mRNA count at time t

x(t): Tat protein count at time t

HIV Promoter

Stochastic model of Tat feedback circuit



B ×Tat

HIV Genome

γp

f(x) x(t): Tat protein count at time t

HIV Promoter

Reduced model of Tat feedback circuit

Shahrezaei and Swain PNAS 2008



Analytical derivation of the steady-state Tat pdf

P(i,t): Prob. of i Tat molecules at time t



Connecting shape of Tat distribution with 
model parameters
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A low basal rate of production 
is necessary for bimodality



HIV promoter has a low basal rate of 
transcription

Barrandon et al.Biol. Cell 2008



Summary
 Analytical solution for steady-state Tat probability distribution

 Monostable system can generate bimodal distributions

 Bimodality requires a low basal rate of production and strong 
positive feedback

 Tat feedback circuit is in a regime to exhibit bimodality

 Feedback architecture has evolved to drive HIV into latency

                                



Future Work

!!
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Figure 2.1: Recirculation of T cells. T cells enter the LNs from the blood via
high endothelial venules (HEV) and from the interstitial fluid or other
LNS via A�erent lymphatic vessels (AL). After some time inside the
LNs (this time depends if they encounter antigens), they are back to the
recirculation through e�erent lymphatic vessels (EL).

of concentric layers of fibroblastic reticular cells (FRCs). Each paracortical cord is

between 10 and 15 µm in length, and the T-cells has been reported to have an average

3D velocity of � 15 µm
min and a motility coe�cient about 50�100µm2

min [53, 79, 36, 7]. The

random walk permits the interaction of T-cells with dendritic cells needed to recognize

antigens [79, 36]. In uninflamed lymph nodes, the T cells will explore a particular

lymph node for between 6 and 18 hours [54, 79], though cytokine signals in inflamed

lymph nodes can make this considerably longer [36]. If naive lymphocytes do not en-

counter antigens, they eventually leave the paracortex by the cortical sinus and the

lymph node through e�erent lymphatics. The total recirculation time is estimated to

be between 52 and 69 hours on average [65]
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Figure 2.3: Illustration of the model. Description of the HIV life cycle, the
formation of 2-LTR circles in T-cells and the influence of the drug in
each compartment and the variables that represent each element.

As depicted in Figure 2.3, in each compartment CD4+ T target cells xi, are

produced at a rate �, decay at a rate dxi and are infected at a rate �xivi. The rate is

reduced by the activity of reverse transcriptase inhibitors (RTI) uRTI and integrase in-

hibitors (II) uII with maximum e�ectiveness of �RTI and �II . We hypothesize that the

e�cacy of the drug depends on the domain; therefore, we include a spatial dependence

drug penetration distribution �i and �i for RTI and II respectively. Exogenous sources,

particularly the activation of latent infected T-cells, contribute to create actively in-

fected cells at a rate ye. The infected cells yi die at a rate ayi and produce virions

at a rate �yi. This viral production is interrupted by protease inhibitors uPI with
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Figure 2: Overview of the multi-scale mathematical model used for designing HIV treatment. a)
Whole-body model consists of interconnected compartments. Compartments represent lymph nodes, which
have been shown to be sites of cryptic viral replication in patients on HAART. b) Compartment-level model
where the population dynamics is modeled via differential equations. These equations predict the concentra-
tions of different species (free virus, uninfected, infected, latent cells, etc.) over time in each compartment.
After getting infected by HIV, an infected cell can either enter latency, or become active and start producing
viral particles. c) Intracellular model that predicts the likelihood of an infected cell becoming latent. A
stochastic model of the HIV gene regulatory network generates bimodal distributions of Tat similar to Fig.
1, and the probability of latency is given by the fraction of cells in the low-Tat state.

the virus integrated at the exact same location in all cells) and have been controlled for cell size/cell-cycle
stage [24–27]. Thus stochastic expression of Tat together with a positive feedback loop drives a bimodal
distribution, where some infected cells are in a high-Tat (representative of active replication) and a low-Tat
state (representative of latency).

Research Plan: In the first stage of the project, an intracellular model of HIV infection will be used to
identify potential drug candidates for biasing the HIV cell-fate decision towards active replication. For this
we will develop a stochastic model of the HIV gene regulatory network that recreates the experimentally
observed bimodal Tat distribution (Fig. 1). Model is illustrated in Fig. 2c and consists of two key HIV
regulatory proteins: Tat and Rev. Tat increases the transition rate from the inactive to the active promoter
state creating a positive feedback loop [25]. Rev functions to transport the pre-mRNA outside the nu-
cleus, and acts as a negative feedback regulator [28, 29]. Stochastic model of this coupled positive-negative
feedback circuit will be developed with parameters (such as the transcription, translation, splicing rates,
mRNA/protein half-lives, etc.) estimated from previous HIV studies [30]. We will use the HIV intracellular
model to investigate two classes of drugs for reducing the likelihood of an infected cell entering latency.
First class involves exogenous addition of the Tat protein or other small-molecule drugs that function anal-
ogous to Tat. Second class of drugs alters the Tat feedback strength by changing the Tat’s binding affinity to
the RNA polymerase-RNA complex on the HIV promoter. The later class is particularly promising as they
have been shown to effectively modulate the HIV cell-fate in Jurkat cells [31].

In the second stage of the project we will develop a multi-scale model to study HIV population dynamics
in patients on HAART. Details of the model can be found in the caption of Fig. 2. We will use the multi-
scale model to investigate treatment with two drugs: the first drug (such as a HDAC inhibitor) reactivates
latent cells to start producing virus particles, and the second drug (chosen from the first-stage of the project)
prevents infected cells from becoming latent. We will use previously developed spatial model to accurately
predict the concentrations of these drugs in lymph nodes [14], and these concentrations in turn will determine
corresponding parameters in the multi-scale model. We will perform a systematic analysis of the model to
design treatment regimens with the two drugs for effective eradication of the latent reservoir.
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“Kick and kill” strategy to purge the latent 
reservoir

Current strategy

New strategy

 Reactivate latent cells using small-molecule drugs (HDAC 
inhibitors)

 Cells are killed by the immune system or the budding virus.

                                

Luo et al Royal Society Interface 2013

Buzon et al Nature Medicine 2010

 Reactivate latent cells. 

 Second Tat-analog drug to bias infected cells against 
entering latency

                                



Kick and kill strategy to purge the latent 
reservoir
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Figure 2.1: Recirculation of T cells. T cells enter the LNs from the blood via
high endothelial venules (HEV) and from the interstitial fluid or other
LNS via A�erent lymphatic vessels (AL). After some time inside the
LNs (this time depends if they encounter antigens), they are back to the
recirculation through e�erent lymphatic vessels (EL).

of concentric layers of fibroblastic reticular cells (FRCs). Each paracortical cord is

between 10 and 15 µm in length, and the T-cells has been reported to have an average

3D velocity of � 15 µm
min and a motility coe�cient about 50�100µm2

min [53, 79, 36, 7]. The

random walk permits the interaction of T-cells with dendritic cells needed to recognize

antigens [79, 36]. In uninflamed lymph nodes, the T cells will explore a particular

lymph node for between 6 and 18 hours [54, 79], though cytokine signals in inflamed

lymph nodes can make this considerably longer [36]. If naive lymphocytes do not en-

counter antigens, they eventually leave the paracortex by the cortical sinus and the

lymph node through e�erent lymphatics. The total recirculation time is estimated to

be between 52 and 69 hours on average [65]
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Figure 2: Overview of the multi-scale mathematical model used for designing HIV treatment. a)
Whole-body model consists of interconnected compartments. Compartments represent lymph nodes, which
have been shown to be sites of cryptic viral replication in patients on HAART. b) Compartment-level model
where the population dynamics is modeled via differential equations. These equations predict the concentra-
tions of different species (free virus, uninfected, infected, latent cells, etc.) over time in each compartment.
After getting infected by HIV, an infected cell can either enter latency, or become active and start producing
viral particles. c) Intracellular model that predicts the likelihood of an infected cell becoming latent. A
stochastic model of the HIV gene regulatory network generates bimodal distributions of Tat similar to Fig.
1, and the probability of latency is given by the fraction of cells in the low-Tat state.

the virus integrated at the exact same location in all cells) and have been controlled for cell size/cell-cycle
stage [24–27]. Thus stochastic expression of Tat together with a positive feedback loop drives a bimodal
distribution, where some infected cells are in a high-Tat (representative of active replication) and a low-Tat
state (representative of latency).

Research Plan: In the first stage of the project, an intracellular model of HIV infection will be used to
identify potential drug candidates for biasing the HIV cell-fate decision towards active replication. For this
we will develop a stochastic model of the HIV gene regulatory network that recreates the experimentally
observed bimodal Tat distribution (Fig. 1). Model is illustrated in Fig. 2c and consists of two key HIV
regulatory proteins: Tat and Rev. Tat increases the transition rate from the inactive to the active promoter
state creating a positive feedback loop [25]. Rev functions to transport the pre-mRNA outside the nu-
cleus, and acts as a negative feedback regulator [28, 29]. Stochastic model of this coupled positive-negative
feedback circuit will be developed with parameters (such as the transcription, translation, splicing rates,
mRNA/protein half-lives, etc.) estimated from previous HIV studies [30]. We will use the HIV intracellular
model to investigate two classes of drugs for reducing the likelihood of an infected cell entering latency.
First class involves exogenous addition of the Tat protein or other small-molecule drugs that function anal-
ogous to Tat. Second class of drugs alters the Tat feedback strength by changing the Tat’s binding affinity to
the RNA polymerase-RNA complex on the HIV promoter. The later class is particularly promising as they
have been shown to effectively modulate the HIV cell-fate in Jurkat cells [31].

In the second stage of the project we will develop a multi-scale model to study HIV population dynamics
in patients on HAART. Details of the model can be found in the caption of Fig. 2. We will use the multi-
scale model to investigate treatment with two drugs: the first drug (such as a HDAC inhibitor) reactivates
latent cells to start producing virus particles, and the second drug (chosen from the first-stage of the project)
prevents infected cells from becoming latent. We will use previously developed spatial model to accurately
predict the concentrations of these drugs in lymph nodes [14], and these concentrations in turn will determine
corresponding parameters in the multi-scale model. We will perform a systematic analysis of the model to
design treatment regimens with the two drugs for effective eradication of the latent reservoir.
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